Abstract. We study the convexity/concavity properties of the generalized ptrigonometric functions in the sense of P. Lindqvist with respect to the power means.
Introduction
The generalized trigonometric and hyperbolic functions depending on a parameter p > 1 were studied by P. Lindqvist in 1995 [L] . For the case when p = 2, these functions coincide with elementary functions. Later on numerous authors have extended this work in various directions see [BE, BEM1, BEM2, DM, LP] .
For t ∈ R and x, y > 0, the Power Mean M t of order t is defined by
, t = 0, √ x y, t = 0 .
1.1. Theorem. For p > 1, t ≥ 0 and r, s ∈ (0, 1), we have (1) arcsin p (M t (r, s)) ≤ M t (arcsin p (r), arcsin p (s)) ,
(2) artanh p (M t (r, s)) ≤ M t (artanh p (r), artanh p (s)) ,
arctan p (M t (r, s)) ≥ M t (arctan p (r), arctan p (s)) ,
1.2. Theorem. For p > 1, t ≥ 1 and r, s ∈ (0, 1), the following relations hold
cos p (M t (r, s)) ≤ M t (cos p (r), cos p (s)) , File: PM_pfuncs120904.tex, printed: 2014-5-2, 19 .33
In [BV2] , there are some results which are the special case of the above theorems when t = 0 and t = 2.
Generalized convexity/concavity with respect to general mean values has been studied recently in [AVV2] .
Let f : I → (0, ∞) be continuous, where I is a subinterval of (0, ∞). Let M and N be any two mean values. We say that f is MN-convex (concave) if
In conclusion, we see that the above results are (M t , M t )-convexity or (M t , M t )-concavity properties of the functions involved. In view of [AVV2] , it is natural to expect that similar results might also hold for some other pairs (M, N) of mean values.
Preliminaries
We introduce some notation and terminology for the satatement of the main results.
Given complex numbers a, b and c with c = 0, −1, −2, . . ., the Gaussian hypergeometric function is the analytic continuation to the slit place C \ [1, ∞) of the series
Here (a, 0) = 1 for a = 0, and (a, n) is the shifted factorial function or the Appell symbol (a, n) = a(a + 1)(a + 2) · · · (a + n − 1) for n ∈ Z + , see [AS] .
Lets start the discussion of eigenfunctions of one-dimensional p-Laplacian ∆ p on (0, 1), p ∈ (1, ∞). The eigenvalue problem [DM] 
and eigenfunctions sin p (nπ p t), n ∈ N, where sin p is the inverse function of arcsin p , which is defined below, and
,
Lets consider the following homeomorphisms
sinh p : (0, c p ) → I, tanh p : (0, ∞) → I , where I = (0, 1) and
For x ∈ I, their inverse functions are defined as
and by [BE, Prop 2.2] arccos p x = arcsin p ((1 − x p ) 1/p ). In particular, they reduce to the familiar functions for the case p = 2.
The above functions were generalized in two parameters (p, q) in [BV2, T, EGL] .
We also define arccos p,q x = arcsin p,q ((1 − x p ) 1/q ) (see [EGL, Prop. 3 .1]), and
Their inverse functions are sin p,q : (0, π p,q /2) → (0, 1), cos p,q : (0, π p,q /2) → (0, 1),
For easy reference we record the following lemma from [AVV1] , sometimes which is called the monotone l'Hospital rule. 
is strictly monotone, then the monotonicity in the conclusion is also strict. 2.2. Lemma. For p > 1 and x ∈ (0, 1), we have
2.3. Lemma. For p, q > 1 and r, s ∈ (0, 1), the following inequalities hold:
2.4. Lemma. For m ≥ −1, p > 1, the following functions
are increasing in x ∈ (0, 1), and
are decreasing in x ∈ (0, 1).
Proof. By definition
is increasing by Lemma 2.1, and clearly (1 − x p ) 1/p is increasing. For the case m ∈ [−1, 0), we define
We get
by Lemma 2.2(1), where
For (2), clearly f 2 is increasing for m ≥ 0. For the case when m ∈ [−1, 0), we define
Differentiating with respect to x, we get
where F 2 (x) = F 1,
For (3), the proof for the case when m ≥ 0 follows similarly from Lemma 2.1. For the case m ∈ [−1, 0), let
We have
where
For (4), when m ≥ 0, the proof follows from Lemma 2.1. For m ∈ [−1, 0), let
by Lemma 2.2(4), where
and F 4 (x) = F 1 p , 1 p ; 1 + 1 p ; −x p .
2.5. Proof of the Theorem 1.1. Let 0 < x < y < 1, and u = ((x t + y t )/2) 1/t > x. We denote arcsin(x), artanh(x), arctan(x), arsinh(x) by g i (x), i = 1, 2 . . . 4 respectively, and define
Differentiating with respect to x, we get du/dx = (1/2)(x/u) t−1 and (5) tanh p r r ≥ tanh p s s .
